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Asymmetric truncated Toeplitz operators and 
Toeplitz operators with matrix symbol 

M. Cristina Camara* and Jonathan R. Partington'^ 


Abstract 

Truncated Toeplitz operators and their asymmetric versions are 
studied in the context of the Hardy space of the half-plane for 
1 < p < oo. It is shown that they are equivalent after extension to 
2x2 matricial Toeplitz operators, which allows one to deduce infor¬ 
mation about their invertibility properties. Shifted model spaces are 
presented in the context of invariant subspaces, allowing one to deduce 
new Beurling-Lax theorems. 
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1 Introduction 

Truncated Toeplitz operators (TTO), a natural generalisation of finite Toe¬ 
plitz matrices, have received much attention since they were introduced by 
Sarason m- see, for example pQ and the recent survey [S]. They appear 
in varions contexts, for example in the study of finite Toeplitz matrices and 
finite-time convolution operators. Here we treat a slightly more general class 
of operators, known as asymmetric truncated Toeplitz operators (ATTO), 
although most of the results we prove are new even for “standard” TTO in 
the Hardy spaces H^. 
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Full definitions and notation will be given later, but we work mostly with 
the Hardy spaces of the upper and lower half-planes, for 1 < p < oo, 
recalling the decomposition Lp(M) = © H~. Many of our results may 

be rewritten for the disc, as we shall see later, although the results often 
appear more complicated in this context. For an inner function 9 G the 
model space Kq may be defined as 


Ke = H+neH-. (1.1) 

We then have 

Lp{R) = H- eKe® eH+, (1.2) 

and we write Pg to denote the associated projection Pg : Lp(M) —)■ Kg. 
Then for g G Loo(l^) the standard TTO is defined as follows. 


Al'.Kg^ Kg, Al = Pg{gl)\^^ = Pg{gl)\ 


PgLp ■ 


If a and 9 are inner functions, we define the operator A^'^ as 


Aa,e 

^9 




(1.3) 


(1.4) 


If a is an inner function that divides 9 in (we write this a P 9), let Pq^ 
denote Pg — Pa, a projection with range equal to the shifted model space 
Ka,g := OiKae- Then we can define 


Bf .= = PcAa®,,,- ( 1 - 5 ) 

The operators A^'^ and Bg’^ are particular cases of general WH operators 
(see Hi) in Lp, of the form 

. ( 1 - 6 ) 

where Pi and P 2 are projections and A is an operator in Lp. We say that 
Ag’^ and Bg’^ are asymmetric truncated Toeplitz operators (ATTO) in Kg 
(that is, general WH operators where Pi and P 2 are projections in Kg and 
A is a Toeplitz operator). 

A natural motivation for studying ATTO comes from the study of finite 
interval convolution equations. Indeed, the close connection, via the Fourier 
transform, between TTO on a model space Kg with 9{ff) = , A > 0 and 

finite interval convolution operators of the form 

Wg,f{x) = j f{t)ip{x -t)dt , X G h. 
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where I = Ii = [0,A], has been highlighted, for instance, in [T]. It is clear 
that a similar relation exists between ATTO and finite interval convolution 
operators of the above form where Ii ^ I. 

In Section we recall the definitions and basic properties of model spaces 
in an Hp context, while also introducing the notion of partial conjugation. 
Section analyses an isometric isomorphism between Lp spaces on the disc 
and half-plane, which restricts to Hp and indeed OHp . For p = 2 it has 
further properties which aid in the study of ATTO. In Section ATTO are 
treated in some detail, and we solve the question of uniqueness of symbol, 
via the characterization of the zero operator. In Section we discuss the 
question which ATTO have finite rank. Next, in Sectionit is shown that 
ATTO are equivalent by extension to Toeplitz operators with triangular 
2x2 matrix symbol. This immediately enables one to obtain new results 
about ATTO (and even TTO) from known results about standard Toeplitz 
operators. Finally, Section discusses kernels of ATTO and the link with 
invariant subspaces. 


Model spaces, projections and Toeplitz opera¬ 
tors 


Recall that we write Lp for Lp 


upper and lower half-planes C"*" and C 
the Riesz projections : L, 


and Hp for the Hardy spaces of the 


(here 1 < p < oo) and we denote by 
; Lp —)• H~ for 1 < p < oo. 


H+ and P- 


For 6 an inner function (in H^), let Kq = Kn denote the model space 


defined in (1.1), where we omit the superscript p unless it is necessary for 
clarity. If a and 9 are inner functions, we say that aKg is a shifted model 
space. It is clear that aKg C K^g- 

For any inner function 0, we have the decomposition (1.2), and 


H+ = Kg® oh; , 

where the sum is orthogonal in the case p = 2. Let Pg : Lp 


projection from Lp onto Kg defined by (1.2); we have 


Pg = ep-9P+ = p+9p-ei. 

Let moreover Qg be the operator defined in Lp, 1 < p < oo, by 

Qg := P+ - Pg, 


( 2 . 1 ) 
Kg be the 

( 2 . 2 ) 

(2.3) 
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and let us use the same notation Pe,Qe for Pgj respectively. For 

Hp Hp 

any G P+, we define 

ip^ = Pgip. (2.4) 

Now take g G L^o- The Toeplitz operator with symbol g in Kg is the operator 

Tg : H; ^ P+ , Tg = P+5/+ 

where /+ denotes the identity operator in P+. This definition can be 
generalised to the vectorial case straightforwardly, for a matricial symbol 
g ^oo ■ 


If a,e G H+ are inner functions, we say that a P 6 \i and only if there 
exists an inner function 6 such that 9 = a6, and a 0 if and only if 9 is 
not constant. Of course 

a P 9 ^ a9 P 9. (2-5) 

We also have 

a P 9 Ka C Kg ker Pg C kerP^. (2-6) 

As a consequence of this we can also define, for a P 9, a projection in Lp 
(or P+) by 


Pa,e ■= Pe - Pa 


(2.7) 


and again we use the same notation for the operator defined by (2.7) in Pp 
and its restriction to P+. We easily see that 


PaP QaPo Pq Qa ^PaO 


( 2 . 8 ) 


and it follows from (2.8) that the image of P^^ is the shifted model space 

Kap := Kg n aP+ = aK^g. (2.9) 


Of course K^ g = Kg if a is constant, and K^^ = Kg © K^ if p = 2. 

We introduce now a class of conjugate-linear operators in P+ by generalising 
the notion of a conjugation in a complex Hilbert space % (i. e., an isometric 
conjugate-linear involution in %). 

Definition 2.1. Let X,Y be closed subspaces of such that X-Ly for all 
a: G A n G T O , and let A = X (BY. We say that a conjugate- 

linear operator in P+, C, is a partial conjugation in A if and only if is 
an isometric involution on X and C|^=0. 

IfY = {0} then C is a conjugation in A. 
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Let now Cq be the conjugate-linear operator defined in ^ for each inner 
function 0, by 

=dPBip+ , ¥5+E iL+. (2.10) 

It is easy to see that [Cef' = Cq maps Kq onto Kq isometrically, and 
Cq{9H^) = {0}. Thus Cq is a partial conjugation in and, analogously 
Ca is a partial conjugation in Kq a P 9. Of course Ca is a conjugation in 


We will also use the following simple relations, 
defined by 


r(0 




Let r denote the function 
( 2 . 11 ) 


for ^ E C and let (p± E H^. Then 


P^r = r — 2i 




i-i 


( 2 . 12 ) 


P rw_ = rw_ + 2iP- -. 

Moreover, if 9 is an inner function, taking into account that y5_|_ 
with E , we have 


(2.13) 
^% + 9(p+ 


PQh+ip+ = PQh+(p^_^ (2.14) 

whenever h+ is such that E Lp and h+QQip+ E 9P[^ (in particular, if 

h+ e H+), and 

= 0 , PQh-Lp^j_ = (2.15) 


whenever h_ is such that h-ip^ E Lp and E Hp (in particular, if 

h- E H^). As a consequence of (2.14) and (2.15), we also have 


a P 9 ^ PQh-if^ = Pah-ip'^ , Pa h+ifj^ = Pa h+ip^. 


(2.16) 


3 Equivalence between operators on the disc and 
half-plane 

We now recall the details of the isometric isomorphism between the Hardy 
spaces P[p on the upper half-plane C"*" and Hp(D) on the unit disc D. It will 
be seen that this leads to an isometric bijective equivalence (i.e., an unitary 
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equivalence in the case p = 2) between model spaces on the disc and half¬ 
plane; in the case p = 2 this leads to a unitary equivalence between (A)TTO 
on the disc and half-plane, enabling us to give an immediate translation of 
our results to the disc context. 

Our convention in this section is that lower case letters such as / denote 
functions on the disc, whereas capital letters denote functions on the half¬ 
plane. 


Let m : D —?• C"*" be the conformal bijection given by 

'(rr^) ■ “■‘® = rr|' 

(other choices are possible) and V : iLp(O) —)• Hp{C^) the isometric isomor¬ 
phism given by 

= ( 3 . 1 ) 

(see, for example, [niiisKii]). The inverse mapping is given by 

{V-^F){z) = ttVp j F{miz)), {F G Hp{C+)). 


Now for n G Z the function z” is mapped by V to the function given by 


= 


1 




TtVp [i + ^)n+2/p ■ 


The same formula (3.1) extends V to an isometric mapping from Lp{T) onto 
Lp(R), and for p = 2 it also maps ■ 

Let 6 be an inner function in F[°°{C~^)-, then the function Q := 9 o m~^ is 
an inner function in Lf°°(D). Now for f = 9g with g G F[P(0) we have 


{vfm = m{vgm), 

so V takes 9ffP(D) onto 0iLP(C+). 

Letting q be the conjugate index to p, we also have that (1/*)“^ maps F[q{n) 
onto Hq(C~^) and takes its subspace Kg to Kq. 

The situation is better for p = 2, since V is unitary, and it maps Kg = 
F[ 2 { 0 ) n 9F[q(D) onto Kq = H ] hence, the decomposition 

L^{T) = Hl{n) ® Kg® 0/^2 (p) 
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is mapped by V term-wise into 

L\R) = © Ke © eH+. 

This situation does not hold for p / 2. 


Suppose now that p = 2 and g G L°°(D). We write G := g o m~^ and 
A = a o m~^. Then, we have the following commutative diagram, where 
Ag’^ denotes an ATTO on the disc, as defined analogously to (1.3): 




Kg 

Ka 

Vi 

if/ 

Ke ^ 

Ka 


We see that this diagram commutes, since for k G Kg we have 


(3.2) 


(z + 

= Gioivkm-, 


now, since PaV = VPa vie get 

VPaigk) = PAV{gk) = PAG{Vk), 

so we have the required unitary equivalence between ATTO on the disc and 
half-plane. 


4 Asymmetric truncated Toeplitz operators 

Let g G Loo and let a,6 € be inner functions. As in Sectionwe define 
the asymmetric truncated Toeplitz operators (abbreviated to ATTO) Ag'^ 


and, for a P 9, Bg'^ as follows: 


Af = Po.gPg 

(4.1) 

Bf = Pa,e 9 Pe 

(4.2) 

where and Bg’^ can be seen as operators in or operators in Kg 

if a P 9, or as operators from Kg into Ka and Kap, respectively. We will 
assume the latter unless stated otherwise. If a = 0 then Agis the truncated 
Toeplitz operator A^g. 
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It is easy to see that A^g = + Bg’^ and that an ATTO of the form (4.2) 

can be expressed in terms of ATTO of type (4.1), since we have 


Bg ’ PafiTg\^^ aPaeotTg\^^ aPaeTagh^^ 


= aA, 


a9,0 
ag • 


(4.3) 


We will therefore focus here on ATTO of type (4.1). Moreover, considering 
that 


{Afy = A^g 


O.OL 


we will assume in what follows that a P 0. 


We will use the following generalisation of the notion of a complex symmetric 
operator in a Hilbert space. 

Definition 4.1. Let A he a closed subspace of . An operator T : A —)• Pf^ 
is a complex partially symmetric operator (respectively, a complex symmet¬ 
ric operator^ if and only if there exists a partial conjugation (respectively, 
a conjugation) in A, C, such that CTC = T, where T coincides with T* 
in n 1/p + 1/q = 1. In this case we say that T is "PC-symmetric 
(respectively, C-symmetricJ. 


Theorem 4.2. If g € Loo, then 



Proof. Let G Kg. Then 




aAg’^Ca(p+ = aPagPg aPa^p+ = aPagaPa<p+ 
a{aP~^ aP~gaPa<p+) = P^ aP~ a{P~^ + P~)gPo,(p+ 
aP~aP^gPaip+ = PagPaP+, 


for all (/?+ G ay. □ 

Corollary 4.3. For g G Loo, A^g is Cg-symmetric in Kg and we have 

CgAl = £gCg. (4.4) 

Let us consider now the case of analytic symbols < 7 + G 


Theorem 4.4. (i) If g^ € and a, 9 are inner functions with a P 9, 
then 

for all ip+ G ay. 

(a) If a < P and P P 9, then Agf A^'^ = Ag’^j,^. 


8 










Proof, (i) follows from (2.16). 

{n)A'^fAf^ = P^g+P^UPe = Pa<7+(P+ - Q0)f+Pe = P^g+f+Pe = A'^f^^. 


As an immediate consequence we have, for G n G N, 


9+f+' 

□ 


(4.5) 


From Theorems |4.2| and |4.4| we also have the following. 

Theorem 4.5. 7/ 5 (+ G 77+, then Agf and A^ are VC a-symmetric and 


r Aa,e _ Aot n _ A^’^r 


Proof. By Theorem 4.2 we have CaAgf = A^Ca and, by Theorem 


= A^. 

9+ 9+ 


9+ 


4.4 


(i), 

□ 


Let us now consider the functions and defined, for each w G C+, by 


..... l-0iw)9iO 
fe«,(7)- , 

(4.6) 

p ... ._ 0(0 - 0iw) 

(4.7) 


which will play an important role in this section. We have kf^,k^ G Kg, 
with 

kto = Pe 7—= , kii = Pe 7 -= (4-8) 

f — w f — w 

If a ^ 0, the functions 7“, 7" are related to respectively, by 

Paki = , Pakl = {ae){w)kff . (4.9) 

Theorem 4.6. kf is a cyclic vector for Af and kf is a cyclic vector for 


Proof. By (14.5|) and (2.14), 


1 


1 


(AT kt = A% kt = Pe r-Pe 7 -^ = (+" 7 -^), 

so {{Af)'^ kf : n G N} is dense in Kg. On the other hand, since TgTgTe = Tg, 
we have 

(A^_i)” kf = A% Cg kf = Cg A% kf 

and, since Cg is an isometry in Kg, it follows that kf is a cyclic vector for 

. □ 
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Theorem 4.7. The operators Pa — Ar’^ and — Ar’^ on H+p'^ 
are rank-one operators, with range equal to span{kf} and spanjfcf}, respec¬ 
tively, and we have 


{Pa - kf , (4.10) 

{Pa - </.+ = -2icp1{-i) kf , (4.11) 

where ^p°L = = CaT+ ■ 

Proof. 

= ParPer-^g,l = ParP+r-^ip1 

= <p+- 2i<p‘f{i) Pa-r^. =tX- 2i</:>+(i) kf, 


where we used (2.12), and (4.10) follows from this equality, 
hand, by Theorem 4.4, Theorem 4.5, (4.8) and (4.10), 


On the other 


^61,0 Aa ,6 

T 4 1 

f — J- T 


T+ 


{Caf 41“ 99+ = C„ 4l“_i C ip+ 

CaAf:^^ 41Jl“ C„ ip+ = -2i a (C;;:^(,) kf = -2iipl{-i) kf. 


□ 


In particular, for a = 0, we have the defect operators (HZ]) iKg - A^ 
and I Kg — A^^_i A^ in Kq, where I Kg denotes the identity operator in Kq, 
with 


{lKg-A^^A^^.,)g,f = 2iipl{i)k^^ (4.12) 

{lKg-Al,A<^^)ipl = -2i/_(-i)fcf. (4.13) 


Next we address the question when an ATTO is zero, which is equivalent to 
obtaining conditions for two ATTO to be equal. For this purpose, it will be 
useful to note that a symbol g G Lao admits the following decompositions: 


ff = G+ + G_ ,with G± = (e + i)P±^ , (4.14) 

5' = 9+ + fi'- ,with 5r± = (^-i)P=^-^ , (4.15) 

? - * 

£/ = 7 + + 7 - +0 ,with 7 ± = (^ ±i)P^-^ , C G C. (4.16) 

f ± i 
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The third decomposition can easily be related to any of the other two; for 
instance, 


G+ = 7 + , G_ = 7 _ + C with C = -2zP-(^-) (-i). 


It is clear that an ATTO does not have a unique symbol, since we can 
have = 0 with <7 7 ^ 0. In fact, using the previous results and defining 
Hp := \±H^ where A±(^) = ^ ± i, we have the following. 

Theorem 4.8. = 0 if and only if g = 9g- + 05 + with g± € Up . 


Proof. First we prove that Ag’^ = 0 if (7 = 9g- + 05 +. 
kz+ ■= then 

f-z+ 


For G C+, let 


l-9{z+)9 


= Pa [g- 


0 - 0{z+) 


] + Pa [ag+ 


1 - 9{z+)9 


= 0 


~ e-e(z+) 

since Q- c — 

^ 5-2+ 


G H- 


and ag+ ^ 


G aH+. 


The converse will be 


proved in several steps. Assuming that Ag’^ = 0, we show that 

ili — 4“’^ 4®’" 4 “’® i-" 

Vb r-i ~ r-i^G+ ’ 

(ii) 7 + = a/+ + Cl for some /+ G PL^ and some Ci G C, 

(iii) 7 - = 9f- + C 2 for some /_ G and some C 2 G C, 

(iv) Cl + C 2 + C = 0, where C is the constant in (4.16), 
so that g = af+ + 9f- with f± G PL^. 


(i) Let G± be defined as in (4.14). We have, from (4.10), 


A^’^A^’^aJl" kf = (1 - 2ikf{{))PaG+ k: 


Now, if Ag’^ = 0 then A^’^_|_g, = 0 and 


a, 6 


A(y,6 AOt^O 

^G+ P+ = -^G- P+ 


(4.17) 


for all < 71 + such that G±(^+ G (where we define A^^ = Pa G± (/?+). 


Also note that 


PaG-kf = P+G_fe° 


(4.18) 
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Using (4.17), (4.18), (2.15), (2.16), and taking into account that 


Per-^kf = Par-^kf = P+r-^kf = r-^kf - 2i 

we have 

Aa,e Ae,a Aa,e la _ _ AOtfi Ad,a AOtfi _ _ Aafi f p uot\ 

^r-l^G+ Pol’ Ct— Avj ) 


= - 2i ^)] = -A<^A‘^/_r-^kf 

s * 

= A'^A^y-^kf = Pol rPoLG+Pe P^kf = Po,rG+Pgr-^kf 
= PoLvG+PoLr-^kf = PaG+kf -2ikf{i)PoLG+Pa 


^ + i 


= {l-2ikf{i))PoLG+kf. 

Thus, kf = Af^Al’^^A^l kf. 

(ii) From (i) we get 


( 4"’^ _ 4“’® 4“>® 4®’" it" — !' 4"’® — 4">^ 4®’“ 4"’®i k 


G+ r 


G+ 


^G+ ) "-i 


and thus 


A°’fi(p _ A°‘fi A^^°’\l.Oi _ (p _ AOl,9 aO,OL A .afi y 

^G+P^ P — Pa P r-U^G-i- '^1 


G+ 


which, by Theorem 4.7, is equivalent to 

\afi n; i_af:\ t^a ml Aa,d ra 


Therefore, 


and 


1 


A^^l2ikf{i)kf = 2i{A^^lkf){k)kt. 

A"’® kf = Gikf, where (Ui G C \ {0} 


kf = Gikf P PoL{G+-Gi)kf = 


0 <t4> Pa t ^ = 0 <t4> ^ ^ G aH^. 


Since G+ = 7 +, we have 7 + = af+ + Ci with /+ G Pp and Ci G C. 
(hi) Since g = {g)+ + (g)-, where 

9 


{9)± = {^ + i)P^ 


? + *’ 
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so that {g)+ = 7 _, to study the condition on 7 _ we use the equivalence 
Ag’^ = 0 77 = 0 77 Pg gPa = 0 , where the equality on the right-hand 

side means that 


Pa gPa =0 A Pafi gPa = 0. 


(4.19) 


From the first equality in (4.19) anf from (ii) we conclude that, for some 
constant (72 G C, 

e aH;. 

i + i ^ 


(4.20) 


On the other hand we have, from the second equality in (4.19), 


Pa,e {g)+ K = -PaAa)- K = -aPi,ea{I - P-)ig)- kf = 0 . (4.21) 


Since we also have Pa^e C 2 kf = 0, taking this and (4.21) into account we get 
0 = PaAi~9)+ - C 2 )kf = - A(f)a)) 


which, by (4.20), implies that 


0 = Peif + {1 - a{i)a)) with /+= 


(g)+ - ^2 


Now, 

Pelf+C^ - a(0«)] = 0 ^ Pef+ = 0 


because Pg[f+{1 — a{i)a)\ = 0 implies that /+(! — a{i)a) = 9f+, with 
/+ G H+ and, if /+, are the inner and outer factors of /+, respectively, 
that is equivalent to having /^/° (1 — a{i)a) = 0/+. Since 1 — a(i)a is an 
outer function in i7+, we conclude that 9 divides thus Pef+ = 0 . 

Thus /+ G 9H^ and we conclude that 7 _ = {g)+ = +C 2 with /_ G P~. 


(iv) It follows from (ii), (iii) and (4.16) that g = af+ + 9f- + B where B is 


a constant. Since Ag’^ = 0, it follows from the hrst part of the proof that 


we must then have A'^^ = 0, which implies that B = 0. 


□ 


For p = 2 we may use the unitary equivalence derived earlier to obtain a 
generalisation of Sarason’s result for TTO in HZ], which, it seems, cannot 
be proved directly using his techniques. It seems natural to conjecture that 
an analogous result holds in the disc for all 1 < p < 00 , although no direct 
translation of the half-plane result seems to be possible for p 7 ^ 2 . 
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Corollary 4.9. In the case of p = 
metric truncated Toeplitz operator 


0^2 (D). 


: 2 and for Hardy spaces on D, the asym- 
is zero if and only if g ^ + 


Proof. Note that g G ai4^(D) if and only ifg'om ^G(aom ^)A-(_i4^ and 
g G 9H‘^{n) if and only if o m~^ 


G(0 


o m 


-1 


)X_Hf 


directly from Theorem 4.8 using the equivalence given in (3.2). 


Now the result follows 

□ 


5 Finite rank asymmetric truncated Toeplitz op¬ 
erators 

In this section we assume again that a, 9 are inner functions with a P 9. It 


is clear from any of the decompositions (4.14)-(4.16) of (7 G L^o that we can 
represent g in the form 

g = a+0 + a_a (5-1) 

with a± G H^. If a± G C, then by Theorem 


4.8 


seems natural to consider symbols of the form 

9 


we have Ag’^ = 0. It now 


OL \j 

g=- - and g=- —(z+G C+) (5.2) 

as being the simplest corresponding to a non-zero ATTO Ag'^. 

Some other symbols seem equally simple. Let 9 have a non-tangential limit 
0(.^o) at .^0 £ and suppose, in addition, that the functions 


«( 0 -«( 6 ) 0 ( 0 - 0 ( 6 ) 


^ - 6 


? - 6 


lie in Lc 


(5.3) 


in which case the functions in (5.3) lie in and Kq respectively, and hence 
in Hp . We can then consider bounded symbols of the form (5.1) with 


a_ = 


0 - 0 ( 6 ) 
^ - 6 


0+ = 


q(6) - « 
^ - 6 


i.e., 


9 = 


«( 6)0 - 0 ( 6 )« 


{- & ■ 

Analogously, if 9 admits a non-tangential limit 9{oo) at 00 , i.e., the inner 
function 9 ^ ^ non-tangential limit 9{oo) at 1, 

and in addition the functions 


0a(0 — 0 ( 00 )] and 00(0 “ 0(c>o)] li® in Lc 


(5.5) 
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then we can consider bounded symbols of the form 


g = ^[a(oo)0 — 0(oo)a]. 


(5.6) 


We remark that, if (5.5) holds, then 


:= a — a(oo) G Ka and := 0 — 9{oo) G Kg. 


Theorem 5.1. The asymmetric truncated Toeplitz operators Ag’^ with g of 


the form (5.2), (5.4) and (5.6), are rank-one operators. 


Proof. Suppose that g = 


a 


k^ given by (4.6), we have 




with G C"*". Then for any w G and 


(-Z+ 

= ki{z+ f~ “fP . ^ k^(z+)k: 






a 

2+) 


where kf^ is defined in (4.7) 


Q 

Analogously, ii g = -—^ with z+ G C"'', then 


Afki = -ieki)iz+)k 


e 

2 + 


for all w G C"*". 


Suppose now that g takes the form (5.4). Then, taking into account the fact 
that, for all w G C"*" 


kj - kiiCo) 

^ -(o 


= C1 + C2- 


ojm 


1 


^ - Co J f.-w 


= e 


where 


and 


where 


fo-w fo-w 


<-«)(Co) ^ (c, I I 


C - Co 


and C.= 

fo-w 


C - Co j f-w 

fo-w 


fo-w’ 
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we have 


AcyfiuO _ p Qi(Co)6> - e{io)a ^j 


= Pr. 


C - ^0 

' ^^■,^ki-(eki){Co) ki-kii^o) N “ “ “(?o) 

«( 6 )-^^-»(^o)a—^— 7 - (p«u,)(4o) 


^ - Co 


C - Co 


&H- 


(iH+ 


= -{Oki){Co)kg, 
a - a{Co) 


where kg := ^ ^ 


Let now g take the form (5.6). Then, for all w G C"*", we have 






AafiuB _ p 
"'to ~ 


= Pr. 


^[a(oo)0 — 6 *(cx))q;] 


1 — 9{w)9 

C — w 


^{9 — 9{w)) 9{w) — 9{oo) — —-- 7—7 .^(0 — 0 ( 00 )) 

a(cx))-^-^-—+ ^- a(oo)] + ^(oo)6'(w^)a 


C — w 


C — w 


C — w 




= aP aP^ 


a 00 


,^( ^-g(oo)) 

C — W 


„ ^ a — a(oo) —r — 7 , 

+ aP P i9{w) — 9{oo)) 

^ — w 


, ^ „_ (_9{w) - 9{oo) 

= a(oo)aP a w ^ _ 

\ C-w 


+{9{w) — 9{oo))a{oo)a 


^(a(oo) — a) — w{a{oo) — a{w)) 
C — w 


= a{oo){9{w) — 9{oo)) 


_1 — a{w)a aCioiioo) — a) — awaioo) + awa{w) 
w —I—^-1- 


C — w 


^ — w 


= a(oo)( 0 (t(;) — 0 (oo ))(—1 + aa(oo)) 

= {9{w) — 9{oo)){a — a(oo)) = {9{w) — 9{oo))k. 


Since the span of {k^ : w ^ C+} is dense in Kg, we have proved the result. 


□ 


One can show analogously that if 
a 9 

( 1 ) 9 = 77 -^ or 9 = 77 -with n G N, or 

{C-Z+)- ic-^r 
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(ii) 6,6',, 6^'" have non-tangential limits at while the functions 

a+ and a_ given by 


a +(0 


(e - 


and 

— «(0-E";o‘»“>(&)(?-? o)Vj! 

“-® = -- 

he in Lqo, and g = a+0 + a_a, or 

(iii) 6,6',..., have non-tangential limits at oo, while the functions a+ 

and a_ satisfying 


n—1 


a+(e) = r[a(e)- 

j=0 


and 


n—1 


3=0 

lie in L^o, and g = a+0 -|- a_a, then is a finite-rank operator. 

Whether every rank-one ATTO with symbol in L^o is of the form consid¬ 
ered in Theorem 5.1, or every hnite-rank ATTO with symbol in Lqo is a 


linear combination of those given above is an open question. For the space 
H2{0), the answer is affirmative, as follows from the work of Sarason m 
and Bessonov [3]. 


6 Equivalence after extension of ATTO and T- 
operators with a triangular matrix symbol 

In this section we show that asymmetric truncated Toeplitz operators are 
equivalent after extension to Toeplitz operators with triangular symbols of 
a certain form. 

Recall that here, as in the previous sections, by an operator we mean a 
bounded linear operator acting between complex Banach spaces. 

Definition 6.1. \7^ \T^ The operators T : A —)• A and S : Y ^ Y 

are said to be (algebraically and topologically) equivalent if and only if 
T = ESF where E, E are invertible operators. More generally, T and S 
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are equivalent after extension if and only if there exist (possibly trivial) 
Banaeh spaees Xq, Yq, called extension spaces, and invertible bounded linear 
operators E :Y Q)Yq ^ X Xq and F : X Xq —)> y © Yq, such that 


(T 0 S 0 

IxJ Vo Iyo 


F. 


( 6 . 1 ) 


In this case we say that T ~ S'. 

The relation ~ is an equivalence relation. Operators that are equivalent after 
extension have many features in common. In particular, using the notation 
y ~ y to say that two Banach spaces X and Y are isomorphic, i.e., that 
there exists an invertible operator from X onto Y, and the notation Im^ 
to denote the range of an operator A, we have the following. 

Theorem 6.2. Let T : X ^ X, S : Y ^ Y be operators and assume 
that T ~ S. Then 

1. kerT ~ ker S; 

2. ImT is closed if and only iflmS is closed and, in that case, X /ImT ~ 

y/ImS; 

3. if one of the operators T, S is generalised (left, right) invertible, then 
the other is generalised (left, right) invertible too; 

4- T is Fredholm if and only if S is Fredholm and in that case dim kerT = 
dim ker S, codim ImT = codim ImS. 


More properties can be found in 121191, for instance. 

Now let us consider the operator Ag’^ : Kq Ka and the operator 


PagPe + Qe '■ Hp Xa © . 


It is easy to see that 
because 



where 


Af ^ P^gPe + Qe 

0 ^ V PagPe + Qe 0 

huf / k ^ '^{0} 

Fi-.Ke® eH+ ^ H+ © {0} 


Fi 


( 6 . 2 ) 

(6.3) 

(6.4) 
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(6.5) 


El : {Ka © 9H+) © {0} ^ © 6H+ (6.6) 

are invertible operators (defined in an obvious way). On the other hand, it 
is clear that 

PagPe + Qe 0 
0 P+ 


PagPe + Qe 


(6.7) 


where the operator on the right-hand side is defined from {Hp )^ into {Ka 
OH^) X . Now, from (6.2) we have 


PagPe p Qe = (P^ ~ PaTgQe){PaTg + Qe) 

where: 

Lemma 6.3. The operator 


( 6 . 8 ) 


P+ - P^T„Qg : Ka © 9H+ ^ Ka 


9h: 


(6.9) 


is invertible. 


Proof. First we prove that P~^ ± PaTgQe maps Ka © 9H^ into Ka © 9Hi^. 
Indeed, let ipa G Ka, g:>+ G ; then 

(P+ ± PaTgQe)iTa + 0ip+) = (fa + 0^+ ± PaTgiO<p+) 

because QePa = 0. For the same reason {QePa = 0), we have 

(P+ ± PaTgQg){P+ © PaTgQe) = © PaTgQe ± PaTgQe = P+ 


and therefore the operator (6.9) is invertible, with inverse 
P+ © PaTgQe : Ka © 9H+ ^Ka® 9H+. 


□ 


Thus, with 


T = 


- PaTgQe 0 
0 P+ 


f PagPe + Qe 0 \ _ rp f PaTg + Qe 9 \ 

V 0 P+ J ~ \ 0 P+ J 

^ ( Te Pa T-g 0 \ 

V-P+ T^ )\Tg-Qa{Tg-T^g) Taj 
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we can write 




( 6 . 10 ) 


= T 


Tg Pa 

-P+ Ta 


T-g 0 

Tg Ta 


P+ 0 

-T^{Tg-T^g) P+ 

On the right-hand side of the last equality, 

(i) the first factor, T, is invertible in (Ka © OHp) x by Lemma 

(ii) the second factor is invertible as an operator from into (iL, 

OH^) X by Lemma 6.4 below, 

(hi) the last factor is invertible in by Lemma 6.5 below. 


6.3 


Lemma 6.4. The operator Ti : (iLJ")^ —> {Ka © OH^) x defined by 


Ti{ipi+,(p2+) = 


Tg Pa 

-P+ Ta 


Ti+ 

T2+ 


( 6 . 11 ) 


is invertible. 


that 


Proof. Given any ('0i_|_, V’ 2 - 1 -) £ {Ka © x it follows from (6.11) 

Ti{ipi+,ip2+) = {fil+,i}2+) 


0(pi+ + PaT2+ = 'fil+ 

-ipi+ + Ta<P2+ = V’2+ 


The first equation in (6.13) implies that 


6»<y9i+ = Qg'filJr, PaT2+ = Pafi'l + 


and from the second equation in (6.13) we have 


therefore 


Tl+ + V’2+ — OiQaT2+\ 

QaT2+ = OLLP 1 + + a'ii)2+ = a6Qg'ilJi+ + afi2+- 


From (6.14) and (6.16) we see that (6.12) implies that 


^Pl+ = 0Qgfii+, ^P 2 + = {Pa + aeQg)fii+ + Tafi2+- 


( 6 . 12 ) 

(6.13) 

(6.14) 

(6.15) 

(6.16) 

(6.17) 


It follows that Ti is injective (replacing and '02+ by 0) and surjective 
(since for any G Ka © GHp and any ■ 02 + £ 77+ there exist (^i+, (p 2 + £ 
77+, given by ( 6.17 ), such that ( 6.12 ) holds. 
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Moreover (6.17) yields an expression for the inverse operator: 


■n-l 


T-i 

V’i+ 

V’ 2 + 


{Ko^ © eH+) X H+ ^ {H+f 


T-e 


0 


Pa “t“ OiOQg Pa 


'4^1+ 

4^2+ 


Lemma 6.5. The operator 

T2 : {H+f ^ {H+f, T2 = 
is invertible, with inverse given by 


P+ 0 

-T^iTg-T^e) P+ 


rp-l _ 
^2 — 


P+ 0 

T^{Tg-T^g) P+ 


(6.18) 

□ 

(6.19) 

( 6 . 20 ) 


Proof. This follows from the fact that T 2 is of the form 

P+ 0 
A P+ 

where A is an operator in ffj' which commutes with P+. 


□ 


From (6.3), (6.7), (6.10) and Lemmas 6.3, 6.4 and 6.5 we now conclude the 


following. 

Theorem 6.6. Ag’^ ~ Tq where G = ( ^ 

\ g a 

As an immediate consequence of Theorem |6.6[ one may study properties 
of ATTO (or TTO), such as Fredholmness and invertibility, from known 
results for Toeplitz operators with matricial symbols and vice-versa. As an 
illustration, we consider the following class of TTO. Let 9{f,) = e^^,e\{f,) = 

giAg ^ and 


9X ^ /3 P ^ ^ (O'A: ^ka) 


k=l 


where a, P ^ (0,1), a + /3 > 1, a//3 ^ Q, b, A, ak £ C for k = 1, ..., n, and 
n = [l/a] is the integer part of 1/a. By Theorem 6.6 Ag^ is invertible, or 
Fredholm, if and only if the same holds for with 


Ga = 


e_i 0 

g\ ei 
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For A 7 ^ 0, Tc^ is invertible by Theorem 5.1 in [ 7 ], which moreover provides 
explicit formulas for a bounded canonical factorisation G\ = {G\)- {G\)+. 
This yields an explicit expression for the inverse operator 

= (Ga);'p+(Ga)i'/ : {h;? ^ {h;)\ 

and the inverse operator can be obtained using ( |6.10[ ) and the re¬ 

lated results in this section. 

For A = 0 we have G\Hj^ = with H± G given by 

n 

(ia+p—1 ^ ^ (QA: ^(A:—l)a)) 
k=l 

H. = (e^_i, b). 

By Theorem 5.3 in [5] it follows that dimkerTcp = oo and therefore Tqq 
(and, consequently, ) is not Fredholm. 

Since A^g^ = Ag^_^, we conclude that 

a^Al) = cT«) = = {0}. 

7 Kernels of ATTO with analytic symbols and in¬ 
variant subspaces 


TTO have generated much interest, and so have T-kernels (kernels of Toeplitz 
operators) - see, for example [8l[l6] and the references therein. We are there¬ 
fore led to consider kernels of ATTO. If we do so, we immediately see that, 
given an inner function 6 and any inner function a such that a ^ 6, we have 

kerA® C kerA“'^ (7.1) 

(see Figure 1). 

More precisely. 


kerA® = kerA"’®nker.B“’® 


(7.2) 


where all the spaces involved are kernels of ATTO 
sidering that the TTO A^ is a particular case of an 


Since, according to (7.2), ker A^’^ is “bigger” than 
think that it may be simpler to characterize. Thus, 


of different kinds (con- 
ATTO). 

kei Ag, it is natural to 
determining the former 
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Fig. 1 


can be seen as a first step towards determining the latter; the elements 
G ker A^g may then be singled out by adding the condition 


R“’V+ = 0. 


This line of reasoning was used in [6] to study Toeplitz operators with 2x2 
triangular matrix symbols with almost periodic entries. 


By Theorems 


6.6 


and 


6.2 


ker Ag'^ ~ ker Tq where g G Lqo and 


G = 


9 0 
g a 


(7.3) 


Denoting by Pj the projection defined by 


ij = l,2), 


we have kerT^ ^ Pi(kerTG'). Indeed, G kerTc if and only 

if we have 

Gip+ = if- with if- G 
which is equivalent to 


gg:>i+ + a^p2+ = 


(7.4) 


and it is clear from (7.4) that (^i+ uniquely defines g:> 2 + and g^ 2 -i since 
we have 


(fi- = eLpi+, (P 2 -= p {gipi+) = 0, and cp 2 + = -a{g (pi+). 
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It is also easy to see that 


(^1+ £ ker^"’^ (/?i+ £ Pi(kerrG), 


(7.5) 


i.e., the elements of ker are the first components of the elements of 
kerTc, where G is given by (7.3). 

Let us now consider asymmetric truncated Toeplitz operators with symbols 
in , of the form Agf , where a and 6 are inner functions such that a ^ 6 
and g+ e H+. 


In what follows recall that Kafi = ctK^e, the shifted model space that is the 
image of the projection ^ = Pg — P^, and that 


Kg = Ka © Kafi , 


where the sum is orthogonal if p = 2. The next theorem shows that shifted 
model spaces are the kernels of ATTO with analytic symbols. First, however, 
we prove an auxiliary result. 

Lemma 7.1. Given \ {0} and an inner function 9, 

g+^+ £ oh; 4 ^ 

with jd = GGD{g\,9), where g\ is the inner factor of the inner-outer fac¬ 
torization g+ = g\gf. 

Proof. Let g+(p+ = 6il^+ with Using the superscripts i and o to 

denote the inner and outer factors respectively, we have 


so that g\'^\ = C'0V’+ for some C £ C with \G\ = 1. Dividing both sides of 
this equation by /3 = GCD( 0 , 5 !^) we obtain 




and since < 7 +//! and ^ are relatively prime, it follows that | divides 
thus £ 9PH^. Conversely, if = 9l3il>+ with £ H+, then g+ip+ = 

e 0H+. □ 

Theorem 7.2. Let a and 6 he inner functions with a P 9, and suppose 
that < 7 + £ \ {0}. Then ker with 7 = afP where, denoting 

by g\ the inner factor in an inner-outer factorization of g+, we have (3 = 

GCD(a,<7V). 
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Proof. We have G ker Agf if and only if 


9 0 W VPi+ 

g+ a ) [(p 2 + 


Pi- 

P2- 


(7.6) 


where as usual G for j = 1, 2. Thus g+pi+ + o.p 2 + = P 2 - = 0, and 

therefore g+pi+ = —a(p 2 +- By Lemma 7.1, we have G 777+ and thus 
pi+ G 777 + n TLg = . 

Conversely, if G C 777+ , then by Lemma 7.1 we have g+pi+ G 

a77p+, so that we can write 


9 +PI+ + Oiip2+ — P2- 


with ip 2 + £ 77+ and <p 2 - = 0. Hence (7.6) is satisfied and G ker Agf. □ 

Corollary 7.3. Let a and 9 be inner functions with a P9. Then = 
kerH“’^ and Kg = kerH“’^. 


Corollary 7.4. With the same assumptions as in Theorem 1.2. if p = 2 we 
have 

ker = Kg e = 7 H+ © 0772+. 

This holds, in particular for the TTO A^g^, where a = 0, in which case we 
have (|I2]) 

ker 71®^ = |772+ 0 0772+. 


Moreover, for all p G (1, 00 ): 


Corollary 7.5. With the same assumptions as in Theorem 1.2 we have the 
following: 

(i) Agf = 0 if and only if g+ G a77+; 

(a) Agf is injective if and only if a = 9 and j3 is a constant; 

(Hi) ddurker A^f < 00 if and only ifa9 and j3 are finite Blaschke products 
and, in that case, dimkerH^I^ = ni + n 2 where ni and n 2 are the number 
of zeroes ofa9 and /3, respectively. 

(iv) For a = 9, dim ker < 00 if and only if fd is a finite Blaschke product 
and, in that case, dimkerH®_|^ is equal to the number of common zeroes of 
g(_ and 0. 
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As an immediate consequence we see that, in the particular case of the 
truncated shift with symbol r given by (2.11), we have kerA® = {0} if 
d{i) / 0, and ker Af = = span{^} if 9{i) = 0. 


Shifted model spaces are also associated with ATTO in a different way: they 
are the (closed) invariant subspaces of the truncated shift A®. 

Theorem 7.6. The lattice Lat(A®) consists of the spaces where a < 9. 

Proof. For a ^ 9 and f3 = 9a, we have = aK^; let be any function 
in A, 3 . Then = Pp ip+ for some (p+ G and 

Pe r{ak'^) = Pe r{aPjs ip+) = Pe rPe a(p+ = Pe raip+ = aP/3(r(^+) G aK/s. 


Thus every space is invariant for A®. To show the converse, we begin 
with the observation that for the Hardy space Hp(D) of the unit disc, we 
have a version of Beurling’s theorem for each 1 < p < oo; namely that the 
nontrivial invariant subspaces of the shift are all of the form aHp for 
some inner function a. See, for example, |13[ Cor. C.2.1.20]. By means of 
the standard isometric isomorphism between Hp{n) and given in (3.1) 
we see that the same result holds for the shift on Hp . 

Next, using the duality between and (up to isomorphism), we see 
that the T*-invariant subspaces in are the annihilators of the invariant 
subspaces for T^, i.e., the model spaces 


= f fg = 0yge aH^} = aHf n H+. 


Now if A® is a restricted shift on Hp , then its Banach space adjoint is 
the restriction of T* to its invariant subspace Kq, so that its adjoint has 
invariant subspaces Kf where a P 9. 

Using duality once more we conclude that the invariant subspaces of A® take 
the form 

{feK^: [ fg = 0yge K^} = n aH^ = , 

Jr 


where a ^ 9. 


Corollary 7.7. Lat(Af) = {ker A^j.^ : a P 9, g+ ^ Hf^}. 


□ 
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We may now prove a theorem of Lax-Beurling flavour for the “truncated 
shift” semigroup on Kq given by 

T{t) = Al, (t>0), 

where et G is the inner function given by et(^) = 

Theorem 7.8. The common invariant subspaces of the semigroup {T{t))t>o 
are the shifted model spaces Kafi, where a < 9. 

Proof. It is easy to see that these subspaces are all invariant under the semi¬ 
group, since if a divides a function f G Kq then it also divides T{t)f. 

The converse is proved as in 13 Thm. 3.1.5], the standard Lax-Beurling 
theorem. By writing 



and approximating the integral by Riemann sums, we see that the ATTO 
operator with symbol l/{f+i) is the strong limit of a sequence of finite linear 
combinations of the ATTO with symbols et- Hence any closed subspace 
invariant under the semigroup is also invariant under and thus is a 
shifted model space, as required. □ 
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